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The Kantorovich method is used to obtain an approximate solution 
of the problem of heating (cooling) of a plate, whose thermophysi- 
cal parameters depend on temperature, in the presence of radiative 
heat exchange with the ambient medium. The solution is compared 
with certain known exact solutions, 

We shal l  cons ide r  the s y m m e t r i c a l  heat ing (or 
cooling) of a plate  whose t h e r m a l  coef f ic ien ts  depend 
on t e m p e r a t u r e  in the case  of nonl inear  boundary 
condi t ions .  T h e r e  a r e  no in te rna l  heat  s o u r c e s .  To 
s impl i fy  the ca lcu la t ions ,  we in t roduce  the new t e m -  
p e r a t u r e  function 

T 

f OT : :  1 k (73dT ,  _2_ (k~) ~ k _ _ .  (1) 
k (T) " ox Ox 

o 

Obviously,  if X = const,  then 0 is s imply  the t e m p e r -  
a tu re  T. 

With the new v a r i a b l e  the d i f f e r en t i a l  equat ion of 
heat  conduction and the boundary condi t ions  take the 
f o r m  

L ( ~ ) =  (;~) p c d (~&) __ O, 
Ox ~ ~, 0 "~ 

0 < x . Q R ,  T >  Tin, (2) 

0 / p (~)' x = R, �9 )Tkn (3) 

M ( ~ )  = - ~ x  ( ~ )  = [ 0, x : :  0, ~ > ~in; 

= 0in , 0 .<; x -G R, -c = Tin. (4) 

Fo l lowing  Kantorov ich  [1] we r e p r e s e n t  the app rox -  
imate  solut ion of th is  p r o b l e m  in the fo rm of a sum 

l 

- v ~e  := f~ (~) ~ (~, x), (5) 
i=1 

where  f i  a r e  unknown functions,  and ~0 i g iven ( c o o r -  
dinate) funct ions se l ec t ed  a p r i o r i~  We also r e q u i r e  

that  at each given ins tant  X"d be in a c e r t a i n  s ense  
c lose  to the exac t  solut ion Xd in the c losed  r eg ion  

0 -< x _< R. In o ther  words ,  with r e s p e c t  to the space  
coord ina tes ,  we apply the usual  p r o c e d u r e  of d i r e c t  

methods,  and with r e s p e c t  to the t ime  coord ina te  the 
Kantorov ich  method.  

In the paper  c i ted  the Kan to rov ich  method was used 
in combina t ion  with the method of momen t s ,  which 

cons i s t s  in sa t i s fying,  toge the r  with the boundary con-  

dition, the condi t ions  of or thogonal i ty  of the r e s i d u e s  
obtained as a r e s u l t  of subs t i tu t ing  ~,~ for  ~,e in (2) 
with the f i r s t  I funct ions of some  s y s t e m  ~h} : 

R 

i ' L ( ~ ' ~ ) ~ d x = O ;  k =  1,2, l. (6) 
J ' , , 
0 

If, in pa r t i cu l a r ,  we take as the functions ~k the 
coord ina te  funct ions q~i' the method of momen t s  goes 
over  into the Gale rk in  method.  

The appl icabi l i ty  of the Ga le rk in  method for  so lv -  
ing l inea r  p r o b l e m s  was e s t ab l i shed  in [2], and the 
conve rgence  of the method of m om en t s  in so lv ing  
nonl inear  p r o b l e m s  was p roved  in [3]. 

Af te r  p e r f o r m i n g  the in tegra t ion  in (6) we obtain a 
s y s t e m  of d i f fe ren t i a l  equat ions (genera l ly  nonlinear) 
for  de t e rmin ing  the unknown funct ions of t ime  fi" The 
solut ion of a h i g h - o r d e r  s y s t e m  is di f f icul t  and t h e r e -  

fore  in (5) we r e t a i n  only the f i r s t  two t e r m s .  In o rde r  

not to lose  accuracy ,  we in t roduce  addit ional  phys i -  
cal  cons ide ra t ions  and s e l e c t  the coord ina te  functions 

in a c c o r d a n c e  with the spec ia l  c h a r a c t e r i s t i c s  of the 
problem.*  We wil l  cons ide r  two s tages  of the p r oce s s  

and a s s u m e  that  in the f i r s t  s tage the heat ing zones 
sp read  f rom both su r f ace s  of the plate into its in te -  
r i o r ,  the inner layer (still unaffected by heating) re- 
taining the initial temperature (Fig. I). When the two 
fronts come together in the middle plane, the second 

stage begins and the heating zone embraces the entire 
body. 

On the basis of the theory of the quasi-stationary 

regime [4] we assume that at any given moment the 
divergence of the heat flux density is constant within 
the heated zone and, consequently, a flux of density 
p passing through the surface is uniformly distributed 
in that zone. This assumption may be regarded as a 
macroscopic analogy of the condition of loeal equili- 
brium of the microscopic parts of a system: 

Ox , -~x  Ox q 

In the next  instant,  of course ,  the value of the d i -  

v e r g e n c e  changes  s ince  the ene rgy  flux through the 
su r f ace  wil l  a l r eady  be d i f fe ren t  (and in the f i r s t  

s tage  of the p r o c e s s ,  m o r e o v e r ,  the width q of the 
hea t ing  zone wi l l  i n c r e a s e ) .  

*Thus, it is possible to obtain a solution perfectly 
suitable for engineering calculations. This is illus- 

trated later by comparing certain of the equations 
derived with known exact expressions. Good agree- 
ment was also obtained when the approximate solu- 

tions were compared with the results of analog 

simulation and computer calculations. 
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F i g .  1. V a r i a t i o n  of r e l a t i v e  s u r f a c e  t e m p e r a t u r e  us and 

t e m p e r a t u r e  d r o p  u s - u e o v e r  c r o s s  s e c t i o n  f o r  a p l a t e  
h e a t e d  by r a d i a t i v e  h e a t  t r a n s f e r  f r o m  an e x t e r n a l  m e -  
d i u m  ( in i t i a l  t e m p e r a t u r e  of  p l a t e  ze ro ) :  I and H) f i r s t  
and s e c o n d  s t a g e s ;  1) at  Keq = 0 .50 ,  2) 0 .10;  3)0 .05;  4) 0. 
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F i g .  2. V a r i a t i o n  of r e l a t i v e  

s u r f a c e  t e m p e r a t u r e  v s and 
t e m p e r a t u r e  d r o p  v e - v s o v e r  
c r o s s  s e c t i o n  d u r i n g  c o o l i n g  
of  a Dlate by t h e r m a l  r a d i a t i o n  

( t e m p e r a t u r e  of e x t e r n a l  m e -  

d i u m  equa l  to z e r o ) :  1) at Kin = 
= 0 .10 ,  2) 0 .05;  3) 0 .01;  4) 0. 
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After integrating (7) with boundary conditions (3) 
we obtain for the first stage (q < R) 

l.(M})in+pq. ~ 1 R - - q < x < R  
( ~ )  = , q 

1. (~)tn,  0 < x -< R - - q  (8) 

In the second stage q = R and soIution (8) takes the 
form 

- -  1 ( ~ ) '  0 < x < R .  (9) (La~) = (;%~)c " 1 -~ pq �9 -~  , 

Here,  in accordance  with the form of e x p r e s s i o n  (5) 
the f i r s t  fac tors  are  the funct ions f i '  and the second 
the coordinate  funct ions ~i" 

We now apply the method of momen t s  with r e spe c t  
to the x coordinate ,  se t t ing 

O 
~' - T q q  ~ (i0) 

in (6). It follows from (8) and (9) that ~I = O, and in 

the first stage (q < R) 

. o =  q q~ , R - - q < x  < R  
" , (i0a) 

I 0 O < x < R - - q  
t 

while in the second stage (q = R) 

~, = - -  --~- - - - ~ - % ;  O < x < R .  ( l O b )  

Thus, in the second stage the function ~2 coincides  
with the coordinate  function (& ( co r r ec t  to a constant  
factor),  and, consequent ly ,  the method of momen t s  
goes over  into the Gale rk in  method.  

F r o m  (2), (8), and (9) we obtain the approx imate  
value of the opera to r  L(Xd) in the f i r s t  s tage (for the 
heated zone) 

L (;%~-~) pq Pc2;% 1- - (  R - -  P + 

( I + 1 R - - x  q ~  R < x  q O'r[' - q <.R 

and in the second stage 

L(;%-~)_ p pc [ 0  R [' x , 2 ] 

(li) 

0 < x < R .  ( l l a )  

Substituting these expressions in (6) and perform- 

ing the integration, we should obtain a system of or- 

dinary differential equations for determining the 

unknown time functions. However, since ~I = 0, the 

system reduces to only one equation. At the same 

time, (ii) and (lla) each contain two unknown func- 

tions (p and q or p and X~c). It is easy to see, how- 
ever, that they are not independent, since they are 

related by boundary condition (3). Therefore, in solv- 

ing the differential equation they can be expressed one 

in terms of the other or, when this is convenient (as, 

for example, in the case considered below), in terms 
of a third related time function. 

The specific form os the solution depends strongly 
on the variation of X, pc, and p during heating (or cool- 

ing). In order to express the effect of each nonlin- 
earity more clearly, we divide the general problem 

into two particular ones: 
i. Linear differential equation of heat conduction, 

nonlinear boundary conditions. 
2. Nonlinear differential equation, linear boundary 

conditions. 

Heating (cooling) of plate with cons tant  t h e r m a l  
coeff ic ients .  The p rocess  takes place in an e l ec t ro -  
magne t ic  field with a s t rongly  expressed  skin effect. 
The re  is rad ia t ive  heat  exchange with the su r round ing  
med ium.  The in i t ia l  t e m p e r a t u r e  is constant .  Since 
X = const,  it follows f rom (1) that d = T.  

We wil l  s t a r t  by cons ide r ing  the f i r s t  s tage of hea t -  
ing. We subs t i tu te  (10a) and (11) in (6). After  i n t eg ra -  
t ion with r e s p e c t  to the x coordinate  over the en t i re  
c r o s s  sec t ion  of the plate we obtain 

6 q- 2a uu P u-~ + z u  q ~ 0 ,  (12) 

We now express p and q in terms of the surface 

temperature d s. From boundary condition (3) we have 

a-7- --- p = w Oe~q - ~2), aq = WNq = Peru+ ~e4r (13) 

where the equivalent flux density Peq (or the equivalent 
temperature of the medium deq) takes into account 

both transfer of the energy of the electromagnetic 

field with flux density Pem and radiative heat exchange 

between the surface of the plate at temperature ds 

and the outer wall (at temperature d m) . Then, set- 
ting x = R, from (8) and (13) we find 

2), - 2;% ~s - -  {~in 
q - - -  (e, s - -  ~m)  - -  (14) 

~4 -4 
p ~a ~eq--~s 

We now in t roduce  the re l a t ive  t empera tu re ,  r e -  
p re sen t ing  it  in f rac t ions  of the equivalent  t e m p e r a -  
tu re  of the med ium deq  or the in i t ia l  t e m p e r a t u r e  of 
the body din (one of these  quant i t ies  is  not equal to 
zero), together  with the c r i t e r i on  as the Blot number  
for l i nea r  boundary  conditions:  

U ~ (u x ~e41 .t 

Then (14) takes the form 

q _ 2 u s - -uin .  (14a) 
R 1%q I - -  t, 4 

After  subs t i tu t ing  (13) and (14) in (12) and in tegra t ing  
with r e spe c t  to t ime  with in i t ia l  condit ion (4), we ob- 
ta in  

g:=~l S r a , ,'-- 

i 1 - - z  ~ ] ' 20 I - - P  ~4-O i 1 - - z '  I L 

z-u in 
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Fig.  3. Var ia t ion  of t e m p e r a t u r e  T, ~ of su r face  (a) and 
middle  plate  (b) of a plate  heated by a cons tan t  heat  flux 
with al lowance for  the dependence of the t he rmophys i ca l  
p a r a m e t e r s  (1) k, W/m �9 deg, 2) 5 �9 106 pc,  J /m ~ �9 deg; 
3) 0.1 ~ ,  deg: 4) 106 a,  mZ/sec) on t e m p e r a t u r e  (I), at  a = 
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In I + arctg z = 

= l(e2qFO, .Fo -- P c R 2 (16) 

Having d e t e r m i n e d  f rom (16) the r e l a t i v e  s u r f a c e  
t e m p e r a t u r e  for  a g iven ins tan t  of t ime ,  we then c a l -  
cu la te  f r o m  (13) and (14) the r e s u l t a n t  f lux dens i t y  p 
and the depth  of the hea ted  zone q and, f inal ly ,  f r om 
(8) find the t e m p e r a t u r e  d i s t r i bu t ion  over  the  p la te  
c r o s s  sec t ion .  

The f i r s t  s t age  ends at  F o  = F o  1, when the two 
hea t ing  f ron ts  m e e t .  The c o r r e s p o n d i n g  r e l a t i v e  s u r -  
face  t e m p e r a t u r e  Us, 1 is  d e t e r m i n e d  f rom (13a) by s e t -  
t ing q = R.  The t e m p e r a t u r e  d i s t r i bu t i on  a t t a ined  at  
that  m o m e n t  i s  the in i t i a l  d i s t r i bu t i on  for  the second  
s t age .  The  so lu t ion  for  the second  s t age  is  s i m i l a r l y  
obtained,  but  us ing  (10b) and ( l l a ) :  

In ~ - P ~  a r c t g z - -  l n l l - - P ]  = �9 2 
z~uS, t 

= geq(Fo - -  Fo,). (17) 

Having d e t e r m i n e d  the s u r f a c e  t e m p e r a t u r e  at  any 
ins tan t  f r o m  (17), we can then find f rom (9) and (13) 
the r e l a t i v e  t e m p e r a t u r e  in the midd le  p lane  and at  
any o the r  i n t e r m e d i a t e  point  

u c = u  s - -  ~ q ( 1 - - u ~ )  (18) 

Several special cases are of interest. 
i. The initial temperature is equal to zero. In this 

case all the formulas are simplified, since they con- 

tain only one parameter Keq (Fig. i). 

2. Heating of a thin plate. In this case Keq, and 
therefore it is possible to disregard the first stage 

(Fot ~ 0), assuming on the basis of (14a) and (18) that 

at the very beginning u s ~ u c = u. From (17) we have 

z~u 

[ 1 in l + z  1 1 ] peq.'C 4 -  ~ + ~ -  a r c t g z - - - - I n t l - - P  I -- 
10 p cR 0eq 

z=u in 

which d i f f e r s  f rom the known exac t  f o r m u l a  only with 
r e s p e c t  to the v e r y  s m a l l  t h i r d  t e r m  on the lef t  (the 
r e l a t i v e  e r r o r  a t  u = 0.5 is  l e s s  0.6%, and at  u = 0.9 
about 2%). 

3. Hea t ing  c e a s e s  at  a low r e l a t i v e  t e m p e r a t u r e  
when i t  is  p o s s i b l e  to neg lec t  the r a d i a t i o n  of the p la te  
i t s e l f  a s  c o m p a r e d  with Peq" This  is  the l i n e a r  p r o b -  
l em .  Set t ing u c = d c / d e q  << 1 and going over  to ab -  
so lu te  t e m p e r a t u r e s ,  f r om (8), (14), and (15) we 
obtain the soIut ion for  the f i r s t  s tage:  

~, = Oin+ PeqR 7 R - -  x 2, 
40 R ]/-~o-o 

q--R =]//~o7 Vo. 
At the s u r f a c e  the t e m p e r a t u r e  

~s ~ i n + l . 1 9  PeqR V / Fo. 

However ,  the exac t  solut ion for  s m a l l  F o  has  the  
f o r m  [4] 

Os = {}in+ 2ierfc0.  PeqR] / -~  = x e~ + 113 P~q]evV& 

i . e . ,  the r e l a t i v e  e r r o r  is  about 5.5%. 
The f i r s t  s t age  ends at  F o  I = 7/40. The a p p r o x i -  

ma te  solut ion for  the second  s tage ,  obta ined f rom (9) 
and (18), has  the fo rm 

1 51' 
and the exac t  so lu t ion  for  the q u a s i - s t a t i o n a r y  r e g i m e  
is  

O - - ~ t n +  Fo , 2 l R ]  42J" 

4. The equ iva len t  t e m p e r a t u r e  of the e x t e r n a l  m e -  
dium is  equal  to z e r o .  The p la te  is  cooled  f rom the 
i n i t i a l  t e m p e r a t u r e  Oin. We t r a n s f o r m  solu t ion  (8) and 
(9), e x p r e s s i n g  pq in t e r m s  of the s u r f a c e  t e m p e r a -  
tu re  (for th i s  i t  i s  f i r s t  n e c e s s a r y  to se t  x = R in the  
equations) and in t roduc ing  the r e l a t i v e  t e m p e r a t u r e  
v and the c r i t e r i o n  Kin given by (15). We then p a s s  to 
the l i m i t  J e q ~ 0  in the g e n e r a l  equat ions  (16) and (17). 
F ina l l y ,  for  the f i r s t  s t age  we obtain 

) q 2 1--Vs v - - 1  1 R - - x  2, 
v s - -  1 q R Kin v~ 

1 [2  5 3 2] K~Fo 
. . . .  ~JS 70 + vs~ 5 7 + ~ -  vs 

and for  the second  s t age  

- - -  - , v o = v ~ +  v~,  
US - -  U c 

4 Kinl n Vs = Kin(FO--Foj). 
(US a - -  V~,] ) - -  ~ -  v in.1 

At Kin<< 1 the  r e l a t i v e  t e m p e r a t u r e  d rop  ove r  the  
c r o s s  s ec t ion  does  not exceed  0.5 Kin (Fig .  2) and the 
p la te  m a y  be r e g a r d e d  as  Wthin. w In th is  c a s e  the du-  
r a t i on  of the  f i r s t  s t age  i s  neg l ig ib ly  sma l l ,  and the 
e x p r e s s i o n  for  the second  s t age  d i f f e r s  f rom the exac t  
so lu t ion  only with r e s p e c t  to a v e r y  s m a l l  l o g a r i t h m i c  
t e r m  (at Kin = 5.10-2 and v s = 0.9 the  r e l a t i v e  e r r o r  
does  not  exceed  3.3%, and at  Vs = 0.1 i t  is  l e s s  than 
0 . 0 3 o / ~ .  

Heat ing  ( c o o l i n $  of a p la t e  whose t h e r m a l  coef f i -  
c i en t s  depend  on t e m p e r a t u r e .  The skin  ef fec t  i s  
s t r o n g l y  e x p r e s s e d ,  p = cons t .  The in i t i a l  t e m p e r a t u r e  
d i s t r i b u t i o n  is  un i fo rm.  

We a s s u m e  some  spec i f i c  law of t e m p e r a t u r e  d e -  
pendence  of X and pc.  Let ,  for  example ,  

~. = s + a  T, (19) 

pc =(pc) .  (1~ + I/-l---+---a-T-)- (19a) 

Subs t i tu t ing  (19) in (1), we obtain 

0 = ~ - 2  (1/1 + a T - - l ) ,  T = - - ~ ' ~ + ~  ( ~ } ) ' .  (20) 
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Thus,  f rom (19a) and (20) we have 

( ~  , 

( ~  ,oc= (9c)o ~ +  1 +-~oX@ . (21) 

In the f i r s t  s tage the d i s t r ibu t ion  of t e m p e r a t u r e  
(more  exactly,  the quanti ty ;~0) over  the plate c r o s s  
sec t ion  is  de sc r i bed  by equation (8). As in the p r e v i -  
ous example,  to find the dependence on t ime  we use 
the Kantorovich  method in conjunct ion with the method 
of momen t s .  We subs t i tu te  (10a) and (11) in (6). In 
this  case  it is n e c e s s a r y  to take into account that 3p/aT = 
= 0, but X and pc a re  known funct ions of ~ ,  which~ 
in turn,  depends on the x coordinate  in accordance  
with (8). 

After  in tegra t ing  (6) with r e s p e c t  to x, we obtain 

i 7 3+Xo/)~ ~o q q_ 9 ~+2~'o,&inPRe ( ~ _ ) ~ +  
20 1 q- 15 ~'in R 280 1 q- [~ )~o 

Solving this  d i f fe ren t ia l  equation with in i t i a l  con-  
d i t i o n q =  0 at T= 0, we find 

7 ~4-~0/~in),0 + 3 ~+2~o /~ inpRa  q_~8 

40 1 + [~ )~in 280 1 + ~ ),o R J + 

- 1 0 7 5 ~  1 + ~ \ ~o k ) - ;  = - ~  " (22) 

F r o m  (22) we de t e rmine  the depth of the heat ing 
zone for any ins tan t  of t ime,  then f rom (8) we ca l -  
culate the co r r e spond ing  value of ~ and, f inal ly ,  
f rom (20) the t e m p e r a t u r e  T.  

The end of the f i r s t  s tage ~- = ~-~ is  d e t e r m i n e d  f rom 
(22) with q = R. In the second stage the t e m p e r a t u r e  
d i s t r ibu t ion  is exp re s sed  by a pa rabo la  (9), and the 
function ~2 and the value of the opera to r  L(X~) by 
expres s ions  (10b) and ( l l a ) .  In t eg ra t ing  (5) with a 
account  for the t e m p e r a t u r e  dependence of the t h e r -  
ma l  p a r a m e t e r s ,  we obtain an o rd ina ry  d i f fe ren t ia l  
equation for d e t e r m i n i n g  ( ~ )  as a funct ion of t i me .  
Solving it  with the in i t ia l  condit ion (kO) c = (kO)i n with 
~-= 7~, we find 

A [(k@)c - -  (B,O)in ] -F B [(},t~)~ -- (~'@)/n]-F 

4- C [(k@)c ~ - -  (k@)~ = pR a (-~-- ~,) (23) 
' ~ 2  

where  

A = I +  20 1 - ? ~  )~o q 16 I + [ ~ - T ] '  

~o i + ~  8 o 1 + ~ 7 o - , 0  j f c  1 2 1 + ~ .  " 

We now ca lcula te  the value of (>~)c at any ins t an t  
of t ime  f rom (23), then that of 0.,~) f rom (9), and, 
f inally,  the t e m p e r a t u r e  T f rom (20). 

Equat ions  (22) and (23) may  be s impl i f i ed  in two 
specia l  cases .  If the heat  capaci ty  does not  depend on 
t e m p e r a t u r e ,  then fi = ~. However,  if the t h e r m a l  
conduct ivi ty  is a lso  a constant ,  then a = 0, and the 

p rob lem reduces  to the spec ia l  case 3 a l r eady  con-  
s ide red  ( l inea r  d i f fe ren t ia l  equation, l i n e a r  boundary  
condi t ions  of the second kind).  

As an example  in Fig .  3 we have shown the v a r i a -  
t ion of the t e m p e r a t u r e  of an A r m c o - i r o n  plate .  The 
th ickness  of the pla te  2R = 40 �9 10 -2 m, the energy  flux 
dens i ty  at the su r face  p = 106 W/m 2. The t h e r m o p h y s i -  
cal  p a r a m e t e r s  of A r m e o - i r o n  va ry  within wide l i m i t s .  
At T =300  ~ K, ~ = 7 0 W / m  �9 deg, and pc = 5 . 8 5 -  106 
J /m ~. deg. 

F r o m  these  values  we find f rom (19a) the aux i l i a ry  
coeff icients  for the given t e m p e r a t u r e  range: (~ = 10 -2 
deg -1, fi = -0 .645 ,  k 0 = 140 W / m .  deg, and (PC)0 = 
= 0.625 ~ 106 J / m  3, deg, a 0 = 2 .24 ,  10 -4 m2/see.  

At cons tan t  flux dens i ty  as the t e m p e r a t u r e  in -  
c r e a s e s  heat ing slows down, but the drop over the 
c r o s s  sec t ion  i n c r e a s e s  (as a r e s u l t  of the i n c r e a s e  
in heat  capaci ty  and d e c r e a s e  in heat  conduction).  
L i ne a r i z a t i on  of the p rob lem leads to a s e r ious  d i s -  
c repancy  wi th  the solut ion obtained.  If, for example,  
cons tant  va lues  co r r e spond ing  to the in i t i a l  t e m p e r a -  
tu re  a re  a s s igned  to the t he rmophys i ca l  p a r a m e t e r s ,  
the heat ing ra te  proves  to be too high over the en t i re  
i n t e rva l  (Fig .  3). However,  if these  va lues  a re  made 
to c o r r e s p o n d  to the t e m p e r a t u r e  at the end of heating,  
the r a t e  will  be co r re spond ing ly  too low. 

The Kantorov ich  method was or ig ina l ly  developed 
for solving e l l ip t ic  d i f fe ren t ia l  equat ions and, in p a r -  
t i cu la r ,  boundary  value p r o b l e m s  of the theory of 
e las t i c i ty .  Since only pa r t  of the solut ion is  se lec ted  
a p r io r i ,  i t  gave more  accura te  r e s u l t s  than the usual  
d i r ec t  methods .  However,  as shown in this a r t ic le ,  
the Kantorovich  method is espec ia l ly  effective in solv= 
ing hyperbol ic  equat ions,  inc luding non l inea r  non-  
s t a t iona ry  p r o b l e m s  of the theory  of heat  conduction.  
In fact in a l imi t ed  reg ion  (with r e s p e c t  to the space 
coordinate)  the solut ion of a boundary  value p rob lem 
can be obtained with the n e c e s s a r y  accu racy  by using 
d i r e c t  methods and making a sui table  choice of the 
fo rm [5] and n u m b e r  of the coordina te  functions,  even 
though this  requi~:es a l a rge  volume of computat ion.  
However,  in solving nons t a t i ona ry  p r o b l e m s  this  pos-  
s ib i l i ty  is not  open to us, because  the reg ion  of v a r i a -  
t ion of the t ime  coordina te  is unbounded.  By us ing the 
Kantorovich  method it  is  poss ib le  to find the exact  law 
of t e m p e r a t u r e  with t ime,  admi t ted ly  not for the o r i -  
g ina l  p rob lem,  but for a somewhat  modif ied one, in 
which the t e m p e r a t u r e  d i s t r ibu t ion  with r e s p e c t  to the 
space coord ina tes  is known only approx imate ly .  

The bas ic  idea of the Kantorovich  m e t h o d ~ r e d u c -  
t ion of the p r ob l e m to the solut ion of an o rd ina ry  
d i f fe ren t ia l  equa t ion- -has ,  in fact, a l r eady  been 
applied in a n u m b e r  of s tudies  in combina t ion  with 
va r ious  d i r ec t  methods:  a va r i a t iona l  method [6, 7], 
the in t eg ra l  heat  ba lance  method [8-10],  the Galerk in  
method, and the method of averag ing  funct ional  co r -  
r e c t i ons  [11]. Occupying an i n t e rmed ia t e  posi t ion be -  
tween the exact  and approx imate  methods,  it p o s s e s s e s  
g rea t  gene ra l i t y  and can be success fu l ly  employed in 
solving va r ious  two- and t h r e e - d i m e n s i o n a l  nons ta -  
t i ona ry  and n o n l i n e a r  p rob l ems  of the theory  of heat  

conduct ion.  
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NOTATION 

T is the t e m p e r a t u r e ;  ~ is the t e m p e r a t u r e  func- 
tion; u and v a re  its r e l a t ive  values ;  T is the t ime;  
x is the coordinate ;  p is the energy  flux densi ty ;  q is 
the depth of heated zone; 2R is the plate t h i ckne s s  
X is the t h e r m a l  conductivi ty;  p is the densi ty;  c is 
the specif ic  heat;  ~ is the coefficient  of mutual  i r r a -  
diance;  a is the S te fan-Bol tzmann  constant ;  Fo is the 
F o u r i e r  number ;  K is  the c r i t e r i o n  analogous to the 
Blot  n u m b e r  of l i n e a r  p rob lems .  Subscr ip t s :  in is the 
in i t i a l ;  s is  su r face ;  c is  cen t ra l ;  m is  med ium;  eq is  
equivalent ;  em is  e l ec t romagne t i c .  
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